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Presented is a new stochastic algorithm for computing the probability density functions and estimating

bifurcations of nonlinear equations of motion whose system parameters are characterized by a Gaussian

distribution. Polynomial and Fourier chaos expansions, which are spectral methods, have been used successfully to

propagate parametric uncertainties in nonlinear systems. However, it is shown that bifurcations in the time domain

are manifested as discontinuities in the stochastic domain, which are problematic for solution with these spectral

approaches. Because of this, a new algorithm is introduced based on the stochastic projectionmethod but employing

a multivariate B spline. Samples are obtained by choosing nodes on the stochastic axes. These samples are used to

build an interpolating function in the stochastic domain.MonteCarlo simulations are then very efficiently performed

on this interpolating function to estimate probability density functions of a response. The results from this

nonintrusive and non-Galerkin approach are in excellent agreement withMonte Carlo simulations of the governing

equations, but at a computational cost 2 orders of magnitude less than a traditional Monte Carlo approach. The

probability density functions obtained from the stochastic algorithm provide a rapid estimate of the probability of

failure for a nonlinear pitch and plunge airfoil.

Nomenclature

ah = distance from the airfoil midchord to the elastic axis,
positive aft

Bi;k�1 ;x�1
= the ith B spline of order k�1 for the knot sequence

x�1
Bi;k�2 ;x�2

= the jth B spline of order k�2 for the knot sequence
x�2

b = airfoil midchord
Cl = lift coefficient
Cm = moment coefficient
c = airfoil chord
h = airfoil plunge
I� = the second moment of inertia of the airfoil about the

elastic axis, mr2�b
2

Kh = plunge stiffness of the airfoil, m!2
h

K� = torsional stiffness of the airfoil about the elastic axis,
I�!

2
�

k�1 , k�2 = order of the B splines on the �1 and �2 axes,
respectively

m = mass of the airfoil
N�1

, N�2
= number of knots on the �1 and �2 axes, respectively

S� = first moment of inertia of the airfoil about the elastic
axis, mx�b

t = nondimensional time, scaled by V1 and b
Vr = reduced velocity, V1=�!�b�
V1 = freestream velocity
w��� = Gaussian weight function
x� = distance from the elastic axis to the center of mass of

the airfoil, positive aft
x�1 , x�2 = vectors containing the knots on the �1 and �2 axes,

respectively
� = airfoil pitch
�� = airfoil cubic spring constant
�� = airfoil quintic spring constant
�s = airfoil mass ratio, m=��1b2��
�1, �2 = zero mean, unit variance Gaussian random variables
�1 = freestream density
���� = random basis functions
!r = frequency ratio, !h=!�

!�, !h = uncoupled natural frequencies in pitch and plunge,
respectively

Superscripts

� = mean value
~ = standard deviation
^ = expansion coefficient

Introduction

F LUID-STRUCTURE interaction can result in the loss of
dynamic stability to a time periodic instability that grows

unbounded [1].When nonlinear aerodynamics (e.g., transient shocks
or boundary layer separation) or nonlinear structural responses are
present to counter the growth of the unstable mode, the dynamic
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response may stabilize to a limit cycle oscillation (LCO) [2–6].
To compute the dynamic response of an aeroelastic system, a time

integration of the discrete aeroelastic equations is usually employed
[3]. Because small variations in the system parameters can have a
strong effect on the response [7], these equations are subsequently
used in a Monte Carlo simulation (MCS) to quantify the effects of
input uncertainty and estimate probability density functions (PDFs)
of the responses. A full scale, high fidelity MCS solution can be
prohibitive in terms of CPU time, and so a low fidelity modeling of
the aerodynamics and structure is usually employed, but at a cost in
predictive accuracy of the flowfield and structural response.
Variational techniques [8] can reduce the effort of an MCS within a
prescribed confidence level, but the number of realizations required
to identify bifurcations can still be quite large [7].

Numerous approximate methods have been used to quantify
uncertainty propagation, typically based upon a Galerkin’s method
[9–11]. An approximate method suited to nonlinear systems is
reduced-order modeling (ROM), which represents a full order model
with an optimal basis, in themean square sense, through aKarhunen-
Loeve expansion (KLE) [12–15]. ROM has the advantage that it can
be efficiently tuned to capture flow physics at a high fidelity. Monte
Carlo simulations are far more efficient on a reduced-order model
than on the full order system, and these simulations can estimate
responses about themean that are useful in amultidisciplinary design
[12]. However, the variations about the mean must be small in order
for the ROM to remain valid.

A KLE cannot be used as an expansion when the response is not
known a priori. The stochastic projectionmethod [16–22] provides a
way to build an expansionwithout knowing the form of the response.
A random basis orthogonal with respect to the distribution of the
input uncertainty is typically selected. When polynomials are
selected as the basis, the method is referred to as a polynomial chaos
expansion (PCE), where the word “chaos” is simply used to mean a
basis of random variables [23]. Millman et al. [24] demonstrated that
for limit cycle oscillations, a Fourier basis wasmore appropriate than
a polynomial basis due to the behavior of bifurcations in the
stochastic domain. With the Fourier basis orthogonalized with
respect to the Gaussian PDF, this method was referred to as a Fourier
chaos expansion (FCE). Regardless of the random basis chosen,
denoted �i���, the deterministic coefficients of the expansion �̂i�t�
are either computed as part of the time integration (intrusive
approach) or estimated from a limitedMCS (nonintrusive approach).
The expansion of some response ��t; �� then takes the form [16,25]

��t; �� �
XP
i�0

�̂i�t��i��� (1)

where the upper limitP is based on the order of the expansion and the
number of input uncertainties, that is, the dimension d of �. The
vector � contains the random variables that characterize the
uncertainty distribution of the input parameters. For a Gaussian
distribution, the uncertainty of some input parameter �� is
characterized by its mean value ��� and its standard deviation ~�� as

�� � ��� � �1 ~�� (2)

With the intrusive approach, the expansion in Eq. (1) is substituted
directly into the governing equations of motion. For example,
consider an equation of motion with the form

L ���t�� � ���
3 � 0 (3)

whereL is a linear differential operator. Substituting Eqs. (1) and (2)
into Eq. (3) yields

L
�XP

i�0

�̂i�i

�
� ���

XP
i�0

XP
j�0

XP
k�0

�̂i�̂j�̂k�i�j�k

� ~��

XP
i�0

XP
j�0

XP
k�0

�̂i�̂j�̂k�1�i�j�k � 0 (4)

To deal with expected values rather than random values, a Galerkin
approach is employed. Equation (4) is multiplied by the basis�n and
the Gaussian PDF w, which for d uncertainties is given by

w��� �
�

1������
2�

p
�

d

e�
1
2�

T� (5)

to obtain

L
�XP

i�0

XP
n�0

�̂i�i�nw

�
� ���

XP
i�0

XP
j�0

XP
k�0

XP
n�0

�̂i�̂j�̂k�i�j�k�nw

� ~��

XP
i�0

XP
j�0

XP
k�0

XP
n�0

�̂i�̂j�̂k�1�i�j�k�nw� 0 (6)

Equation (6) is then integrated over the range of theGaussian PDFw.
The expected value operator for d uncertainty parameters is defined
as

hf���;�n���i �
Z 1

�1

Z 1

�1
� � �

Z 1

�1
f����n���w��� d�1 d�2 � � � d�d

(7)

where f��� is any function of �. By application of the expected value
operator, Eq. (6) becomes

L
�XP

i�0

XP
n�0

�̂ih�i;�ni
�
� ���

XP
i�0

XP
j�0

XP
k�0

�̂i�̂j�̂kh�i�j�k;�ni

� ~��

XP
i�0

XP
j�0

XP
k�0

�̂i�̂j�̂kh�1�i�j�k;�ni � 0 (8)

Because of the orthogonality of the basis�n with the Gaussian PDF
w, the only terms that survive in the linear differential operatorL are
those where i� n. Thus the stochastic projection of the equation of
motion given in Eq. (3) becomes a system of n equations which can
be written as

L ��̂n� � ���

XP
i�0

XP
j�0

XP
k�0

�̂i�̂j�̂k

h�i�j�k;�ni
h�n;�ni

� ~��

XP
i�0

XP
j�0

XP
k�0

�̂i�̂j�̂k

h�1�i�j�k;�ni
h�n;�ni

� 0 (9)

The condition of orthogonality with respect to the Gaussian PDF
substantially reduces the number of nonzero expected values for a
linear problem. As nonlinearity increases, the number of nonzero
terms grows rapidly due to the coupling evident in Eq. (9).
Computational efficiency is rapidly lost when high order expansions
of highly nonlinear equations are required [24,26–29].

To gain back some efficiency, researchers have employed the
nonintrusive approach. A limitedMCS is performed and the samples
obtained are used to estimate the coefficients. Because of the random
selection of samples, the expected value operator is again employed.
The coefficients are estimated from [30]

�̂ i �
h�;�ii
h�n;�ni

(10)

This nonintrusive approach substantially reduces the number of
expected values that need to be precomputed and stored. High order
expansions are still required to capture behavior in the vicinity of a
bifurcation.

Finding a proper basis to capture bifurcations in the stochastic
domain is an active area of research. Notably, LeMaître et al. [31,32]
have employed wavelets in an intrusive expansion to better capture
discontinuous behavior in the stochastic domain. This paper
examines a nonspectral stochastic algorithm, based on the stochastic
projection method. This research builds on the results reported by
Millman et al. [24] by gaining a better understanding of the stochastic
projections themselves. These projections are shown to include
piecewise continuous functions for problems involving bifurcations.
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An efficient method for approximating these projections is to obtain
samples of the response over a specified interval of the stochastic
axes (nonintrusive approach). These samples need not be obtained by
a limited MCS, eliminating the need for computing and storing
expected values (non-Galerkin). A surface in the stochastic domain is
fit to those samples with a multivariate basis spline (B spline). This
interpolating surface is then used to perform the MCS needed to
approximate the PDFs. These approximate PDFs provide an estimate
of the bifurcation behavior of the governing equations. The utility of
this algorithm is demonstrated by examining the LCO response and
predicting the probability of failure of a nonlinear pitch and plunge
airfoil.

Pitch and Plunge Airfoil

The 2 degrees of freedom pitch and plunge airfoil is depicted in
Fig. 1. A nonlinear structural response is modeled through the
following equations of motion [1,3]:

m �h� S� ��� Khh��1
2
�1V21cCl�t� (11)

S�
�h� I� ��� K���� ���

3 � ���
5� � 1

2
�1V21c2Cm�t� (12)

whereCl�t� is the lift coefficient taken positive down andCm�t� is the
moment coefficient taken positive nose up about the elastic axis.
After nondimensionalizing, Eqs. (13) and (14) become

�h� x� ���
�
!r

Vr

�
2

h��Cl�t�
��s

(13)

x�
r2�

�h� ��� 1

V2
r

��� ���
3 � ���

5� � 2Cm�t�
��sr

2
�

(14)

where it is understood that the plungeh in Eqs. (13) and (14) has been
nondimensionalized with respect to the semichord. To integrate the
above equations, an aerodynamic model is needed to provide the lift
and moment coefficients as a function of time. Following Lee et al.
[3] the coefficients are obtained from an incompressible flow model
given by Fung [1]. With this incompressible flow model, Eqs. (13)
and (14) can be rewritten as a set of eight first order differential
equations. The details of the derivation are given by Lee et al. [3].

The following parameters were chosen for this model problem:

�s � 100 ah ��0:5 x� � 0:25 !r � 0:2

�� � 20 r� ��0:5
A Gaussian distribution was assumed for the cubic spring constant
�� and the initial pitch ��0�, that is,

�� � ��� � �1 ~�� (15)

��0� � ���0� � �2 ~��0� (16)

A mean value of ���0� � 0:0 and a standard deviation of ~��0� � 0:2
were used. The standard deviation of the cubic spring constant was
~�� � 0:3.
Two cases are considered for the mean value of the cubic spring

constant. The first is for a positive value with ��� � 3 (hard spring),
and the second is for a negative value with ��� ��3 (soft spring). As
evident from Eq. (12), a hard spring further stabilizes the structure in
pitch whereas a soft spring destabilizes the structure. Thus, the two
values of �� lead to dramatically different responses. �� is always
positive and always stabilizes the structure, although its influence is
felt for only large amplitudes in pitch. An analysis of the
deterministic governing equations ( ~�� � 0:0) yields a Hopf
bifurcation point at Vr � 6:279, where the Hopf bifurcation point
is defined as the critical point that connects a dynamically stable
stationary (nomotion) solution to a stable periodicmotion [33]. For a
hard spring, as the reduced velocity is increased, the amplitude of the
LCO increases monotonically from the Hopf bifurcation point. This
is a supercritical response and labeled with �� � 3:0 in Fig. 2. For a
soft spring, a large amplitude excursion can lead to a LCO below the

Hopf bifurcation point. A small amplitude excursion below the Hopf
bifurcation point will decay to the dynamically stable stationary
solution. This is a subcritical response with a turning point [33], as
shown in Fig. 2. Note that with �� ��3, LCOs are obtained at a
reduced velocity as low as Vr � 5:902.

When the uncertainties (�1 and �2) are included, the amplitude of
the LCO varies for a given reduced velocity. Probability density
functions for both the hard and soft springs are shown in Figs. 3a and
3b for a range of reduced velocities. These PDFs were obtained from
a four thousand run MCS at each reduced velocity, where the time
integrationswere carried out far enough (tmax 	 2000) to ensure each
simulation achieved a fully developed LCO. It should be noted that
the PDFs are approximated from the four thousand samples through a
Parzen-window approach [34]. Figures 4a and 4b depict bifurcation
diagrams that summarize the results of the PDFs for both the
supercritical and subcritical responses. In these figures, the range of
peak and secondary responses represent the envelope of scatter
values about the average peak response.

Linear aerodynamics predicts a flutter point, which is coincident
with the Hopf bifurcation point. That is, the flutter point is the loss of
linear stability. Typically, through linear analysis or flight test, flutter
points are determined and aircraft speeds are placarded so as to avoid
flight above the flutter point. The subcritical response illustrated in
Fig. 4 can lead to LCO below the classically defined flutter point.
This represents a risk to an aircraft as the aircraft can exhibit large
oscillations below the placard speed determined by the flutter point.
For this study, the probability of failure for the airfoil was defined as

Fig. 1 The pitch and plunge airfoil.
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pitch amplitudes exceeding 3 deg while in LCO. The PDFs obtained
from the subcritical response can then predict the probability of
failure for the airfoil example given above. Figure 5 shows the
probability of failure for the subcritical case. Note that as the cubic
spring constant varies, the location of the turning point bifurcation
changes, leading to LCO as low as Vr 
 5:70.

Stochastic Projection

A stochastic projection is a projection of the system response onto
the space covered by the basis functions in the random variables.
Typically this projection is obtained at a specific instance in time. For
a time domain analysis, at a very large time, these projections can
become so complicated (nonlinear, discontinuous) in form that even
a very large order expansion cannot capture the shape of the
projection [29]. Beran et al. [30] circumvent this issue with the
nonintrusive PCE approach. The nonintrusive PCE approach
essentially removes the time dependency by obtaining samples of the
LCO response once the LCO is fully developed. Beran’s results were
obtained from an efficient cyclic approach, not involving a time
domain analysis [30]. This present work examines the stochastic
projections from a time domain approach.

To better understand the behavior of the stochastic projections,
two projections are plotted in Fig. 6. These projectionswere obtained
from a four thousandMCSon the hard spring system atVr � 6:5, and
sorted with respect to each random variable. In Fig. 6a, the stochastic
projection of the response, peak �, with respect to the uncertainty in
the cubic spring constant, �1 is a smooth continuous function. The
same initial pitch��0�was used for each simulation. A nonzero value
was chosen to ensure an LCO developed. In Fig. 6b, the four
thousand run MCS was repeated, but this time the cubic spring
constant was deterministic and the initial pitch was uncertain. Again,
the stochastic projection with respect to the uncertainty in the initial
pitch, appears to be a smooth continuous function, but a singular
point exists at �2 � 0. This singularity corresponds to the dynami-
cally unstable equilibriumbranch on the bifurcation diagram (Fig. 4).

The stochastic projections for the soft spring at Vr � 6:2 are
shown in Fig. 7. In Fig. 7a, a very large initial amplitude was chosen
for each simulation to ensure LCO was achieved. Again, the
stochastic projection with respect to the uncertainty in the cubic
spring constant is a smooth, continuous function. However, the
stochastic projection with respect to the uncertainty in the initial
pitch, Fig. 7b, is a piecewise continuous function. The discontinuities
are a manifestation of the subcritical branch in the bifurcation
diagram. Above a certain absolute value in initial pitch, an LCO
develops. Below this absolute value in initial pitch, a dynamically
stable solution is achieved. The nonintrusive PCE approach, or
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indeed any spectral approach, would be a poor choice in attempting
to approximate this particular projection.

Given that the stochastic projections can be piecewise continuous
over the interval of interest, splines are appropriate functions for
approximating these projections. An important property of the
multivariate B splines chosen for this work is that they are a compact
support basis. That is, the influence of any particular B spline
coefficient extends over a few intervals [35]. The practical
importance of this property is that oscillations in the vicinity of
discontinuities can be avoidedwith the proper choice in the order, k�1
or k�2 , of the B spline. The order used in this work is k�1 � k�2 � 2,
which is equivalent to a piecewise linear interpolation [35]. The
expansion of the univariate B splines for �1 and �2 are given by

���1� �
XN�1

i�1

�̂i;�1
Bi;k�1 ;x�1

��1� (17)

���2� �
XN�2

j�1

�̂j;�2
Bj;k�2 ;x�2

��2� (18)

where x�1 is the vector ofN�1
knots on the �1 axis and x�2 is the vector

of N�2
knots on the �2 axis. The multivariate B spline is the tensor

product of the two univariate B splines and can be explicitly written
as [35]

���1; �2� �
XN�1

i�1

XN�2

j�1

�̂ijBj;k�2 ;x�2
��2�Bi;k�1 ;x�1

��1� (19)

The coefficient matrix, made up of the elements �̂ij, is solved by
repeated evaluations of the univariate spline interpolation problem,
the details of which are given in de Boor [35].

Now an efficient stochastic algorithm that is robust enough to
identify bifurcations can be described. First, an interval is chosen in
the stochastic domain overwhich samples of theLCO response (peak
�) will be obtained. Next, the location of nodes to be sampled in that
interval is determined. The multivariate B spline that approximates
the response surface in the stochastic domain is then determined.
Finally, anMCS is performed on this response surface to estimate the
PDF of the response.

The interval selected is based on the distribution of random
variables. For this work, the random variables have a Gaussian
distribution. Strictly speaking, the interval defined for a Gaussian
random variable is the whole real line. There is, however, a practical
limit to this interval. The random variables control parametric
uncertainties and these parameters must be kept within specified
bounds in order for the equations of motion to be numerically well
behaved. In a real world application the mean and standard deviation
may be dictated by manufacturing, instrument error, or physical

phenomena such aswind gusts. For thismodel problem themean and
standard deviation were selected to illustrate supercritical and
subcritical responses. It was found that for the large standard
deviation chosen in pitch, ~��0� � 0:2 radians, the model became
unstable for large values of �2 (�2 > 4). Because�

1������
2�

p
�

2
Z

4

�4

Z
4

�4
e��1=2���

2
1
��2

2
� d�1 d�2 
 0:9999 (20)

99.99% of all responses occur on the interval ��4; 4� in both
stochastic axes. Thus, this was the interval selected for both �1 and �2.

With the interval selected, nodes along the stochastic axis must be
chosen that will efficiently capture the desired projection. Here again
a compromise is achieved. In order for the B spline to be valid over
the entire interval, nodes must be selected that span the entire
interval. However, aGaussian distribution of the nodeswould cluster
all the nodes near the mean value, leaving a large gap between the
nodes and the endpoints of the interval. Nodes at�4 are required to
span the interval. Nodes at�2:5 are added to bridge the gap between
the Gaussian spaced nodes and the endpoints of the interval. The
Gaussian spaced nodes are determined by integration of theGaussian
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PDF, w��1� or w��2� [Eq. (5) with d� 1]. That is, the nodes are
determined in one dimension and the same nodes are used in the other
dimension. The determination of the nodes proceeds as follows.
Some number of nodes are selected on the interval [0,4]. Let this
number of nodes be represented by I along the �1 axis and J along �2
axis. Noting that Z

4

0

1������
2�

p e�
1
2�

2
1 d�1 


1

2
(21)

the remaining nodes are selected based on equal intervals of the
probabilities. For example, with I � 2 and one node fixed at �1 � 4,
the second node is determined fromZ

a

0

1������
2�

p e�
1
2�

2
1 d�1 �

1

4
(22)

wherea is the location of the node.A simple search leads to a value of
a� 0:67449. Proceeding in a like manner for I � 4 and I � 8 leads
to the node values given in Table 1. Because of the symmetry of the
nodes and the extra nodes at �1 ��2:5, the total number of nodes
along the �1 stochastic axis is given by 2I � 2.

Samples of the response are obtained at the selected values of �1
and �2. From these samples, themultivariate B-spline problem can be
solved for the coefficient matrix, �̂ij in Eq. (19). After these
coefficients are determined, an MCS is performed on Eq. (19). This
MCS is extremely efficient, as is demonstrated in the next section.

This algorithm fits into the stochastic projection framework
through the following derivation, which parallels the development
given by Eqs. (3–12). Consider the set of nodes x such that xi 2
��a; a� and x1 ��a < x2 < � � �< xI � a for some integer I.
Because it was noted that the above algorithm is a piecewise linear
interpolation, the appropriate basis for expansion would be the hat
function, which has the property [35]

�j�xi� � �ij (23)

where �ij is theDirac delta function. Additionally, �j�x� � ��x � xj�,
which indicates sampling at a node. Just as the expected value
operator was defined in Eq. (7) in order to integrate out the random
variables, similar inner products with the trial basis �j and the weight
function w�x� � 1 can be developed and are given by

h�i; �ji �
Z

a

�a
�i�x���x � xj� dx��i�xj� � �ij (24)

hx�i; �ji �
Z

a

�a
x�i�x���x � xj� dx� xj�i�xj� � xj�ij (25)

The piecewise linear approximation to the response ��t; x� becomes

��t; x� �
XI

i�1

�̂i�t��i�x� (26)

and can be substituted into Eq. (3). By performing the stochastic
projection andmaking use of the above inner products, the following
system of equations results:

L ��̂j� � � ��� � xj ~����̂3
j � 0 (27)

Thus, the samples of the random variable are used to obtain samples
of the response and a piecewise linear approximation to the response
is obtained from theB splines.While the PCEmethod provides a best
fit to the stochastic projection and converges, in the mean square
sense, to an MCS [36], the piecewise linear interpolation is exact at
the nodes and, with a sufficient number of nodes, is a nearly optimal
fit to an MCS [35].

Results

The hard spring is examined first. Setting I � 2 and holding the
initial pitch constant at some value greater than zero, samples are
obtained along the �1 axis at Vr � 6:5. The univariate spline,
Eq. (17) is solved for the coefficients �̂i;�1

. This equation is then
used in an MCS to produce the stochastic projection in Fig. 8a.
Setting J � 2 and holding the cubic spring constant at �� � 3:0, the
same procedure was used to determine the coefficients �̂i;�2

in
Eq. (18). An MCS on Eq. (18) produces the stochastic projection
shown in Fig. 8b. These projections are in excellent agreement with
the projections shown in Fig. 6. This should be expected because the
projections are linear or very nearly linear across the respective
intervals.
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Table 1 Gaussian distributed nodes

I � 2 I � 4 I � 8

—— —— �0:15731
—— �0:31864 �0:31684
—— —— �0:48878

�0:67449 �0:67449 �0:67449
—— —— �0:88715
—— �1:15035 �1:15035

—— —— �1:53412
�2:5 �2:5 �2:5
�4:0 �4:0 �4:0
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Allowing both the cubic spring constant and the initial pitch to be
uncertain and setting I � 2 and J � 2, thirty-six samples are
obtained. After the coefficients in Eq. (19) are determined, anMCS is
performed on this equation. The PDF of the response is computed
and compared with the PDF from the MCS on the governing
equations. The agreement between the two PDFs is excellent, as
shown in Fig. 9. Again this should be expected due to the smoothness
of the approximated functions. The efficiency of obtaining samples
of the response, solving the multivariate B-spline problem, and
performing an MCS on Eq. (19) is 2 orders of magnitude faster than
performing an MCS on the governing equations.

The soft spring case is examined at Vr � 6:2. The stochastic
projection in Fig. 10a is obtained as before with the soft spring
uncertain and the initial pitch constant at a large, nonzero value. The
stochastic projection in Fig. 10b is obtained keeping the soft spring
constant and allowing the initial pitch to be uncertain. The projection
with respect to �1 required I � 4 (10 samples) to obtain the proper
curvature. The projection with respect to �2 required J � 8 to obtain
a good approximation to the discontinuities. These stochastic
projections compare well with those in Fig. 7.
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Again allowing both the cubic spring constant and the initial pitch
to be uncertain, PDFs were obtained from the stochastic projection
method with I � 4 and J � 2, 4, and 8 (60, 100, and 180 samples,
respectively). These PDFs are comparedwith the PDF from theMCS
and are shown in Fig. 11. As the number of nodes increase along the
�2 axis, agreement with the PDF obtained from the MCS improves
rapidly. The PDF with J � 4, is already in excellent agreement with
the MCS results. With J � 8, the steeper slope in the approximation
of the discontinuities manifests itself as fewer realizations between
the peak and secondary responses (a better bimodal approximation).

With the stochastic algorithm verified for the above cases,
bifurcation diagrams with the inclusion of uncertainties are now
developed. For the hard spring, PDFs were obtained over the same
range of reduced velocities as for the MCSs. Setting I � J � 2 was
sufficient for these cases because all the responses were supercritical.
For the soft spring, the PDFs below the Hopf bifurcation point were
obtained with I � 4 and J � 8, because these responses were
subcritical. Above the Hopf point, once again I � J � 2 was
sufficient. These PDFs were then used to build the bifurcation
diagrams shown in Fig. 12. The agreement between these bifurcation
diagrams and the ones shown in Fig. 4 is excellent. The peak (or
secondary peak) responses from the stochastic projectionmethod are
within 1–2% of the peak (or secondary peak) responses from the
MCS. The variation of peak (or secondary peak) responses are well
within 5% of the variation given by the MCS. The time required to
build these bifurcation diagrams was approximately 2 orders of
magnitude less than with a traditional MCS approach.

From the subcritical responses, an estimate of the probability of
failure could be obtained. Defining the probability of failure as the
LCO in pitch exceeding three degrees, a comparison between the
MCS prediction and the B-spline prediction is shown in Fig. 13.
Errors were introduced at the discontinuities because the selected
nodes were not coincident with the locations of the discontinuities.
These errors led to a conservative estimate in the probability of
failure, as seen in Table 2. Each failure estimate from the MCS
required approximately ten minutes of computer time, whereas each
estimate from the stochastic algorithm required approximately three
seconds.

Conclusion

A very efficient algorithm for determining the propagation of
uncertainties in a highly nonlinear system has been presented. The
nonlinear system examined was a pitch and plunge airfoil with cubic
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and quintic structural parameters and uncertainties in the cubic spring
constant and initial pitch. These uncertainties were allowed to
propagate in a time dependentmanner until an LCOor a dynamically
stable solution was achieved. The stochastic algorithm consisted of
building an interpolating function in the stochastic domain through
sampling and the use of a multivariate B spline. Advantages of this
methodwere that expected valueswere never computed or stored and
2 orders of magnitude reduction in computational time over a
traditional MCS were obtained. Based on the PDFs predicted by the
stochastic algorithm, a very rapid and accurate estimate of the
probability of failure was obtained. A notable disadvantage of this
algorithm, as with other stochastic algorithms with high order
expansions, can be the rapid growth of sample size with added
uncertainties to obtain convergence. Further research is required to
reduce this problem of dimensionality. It should be noted that
although this paper examined only the peak � as a response, the
stochastic method is easily extended to examining other responses
such as maximum plunge or the frequencies associated with pitch
and plunge.
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Table 2 Estimates for the probability of failure

Reduced
velocity (Vr) MCS (%)

Stochastic
algorithm (%) Difference (%)

5.70 0.11 0.55 0.44
5.75 0.40 0.61 0.21
5.80 1.40 1.65 0.25
5.85 2.60 3.82 1.22
5.90 6.73 8.47 1.74
5.95 11.4 15.6 4.2
6.00 19.8 24.4 4.6
6.05 27.5 29.8 2.3
6.10 33.8 36.7 2.9
6.15 42.9 47.6 4.7
6.20 55.7 62.7 7.0
6.25 74.1 75.5 1.4
6.279 100.0 100.0 0
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